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§1.

§1.1.

N = {0, 1, 2, . . . }
Z = {0,±1,±2, . . . }
Q = {a/b | a, b ∈ Z, b �= 0}

(
⊆ R = {a | a }

)

Q = {x ∈ C | xn + cn−1x
n−1 + . . . c1x+ c0 = 0; c0, c1, . . . , cn−1 ∈ Q}(

⊆ C = {a+ bi | a, b ∈ R}
)

R C

Q

Q

Q C R K

F ⊆ Q

Q E ⊆ F Q

F Q E
E

Q; Q(
√−1); Q(

3
√
2); Q(

3
√
2,
√−3)

π R

Q(π) ⊆ R
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π

Q (Galois) F
Q F x ∈ F

f(T ) = Tn + cn−1T
n−1 + . . . c1T + c0 = 0 x

n x Q

F

x ∈ F

Q; Q(
√−1); Q(

3
√
2,
√−3)

Q( 3
√
2) Q

Q(
√−1) i

def
=

√−1 f(T ) = T 2 +1 {± i}
Q( 3

√
2,
√−3)

ω
def
=

−1 +
√−3

2
= e2πi/3 ∈ Q(

3
√
2,
√−3)

√−3 f(T ) = T 2 +3 {±√−3} 3
√
2

f(T ) = T 3 − 2

{ 3
√
2, ω · 3

√
2, ω2 · 3

√
2} ⊆ Q(

3
√
2,
√−3)

Q( 3
√
2)

R f(T ) = T 3− 2 ω · 3
√
2

Q( 3
√
2)

Q( 3
√
2)

F α ∈ F F α

F = Q(α)

α Q f(T )

[F : Q]

F [F : Q] α
f(T )

§1.2.

a, b ∈ Q

| − |∞
|a− b|∞
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| − |∞ p p
| − |p p |0|p = 0

a ∈ Q l, n,m ∈ Z n m
�= 0 p a = pl · n ·m−1

|a|p

|a|p = |pl · n ·m−1|p def
= p−l

l |pl|p = p−l

| − |∞

lim
l→+∞

pl = 0

p = 2

−1 =
1

1− 2
=

+∞∑
l=0

2l = 1 + 2 + 22 + 23 + 24 + 25 + . . .

p
| − |∞

| − |∞ | − |p

| − |∞ | − |p
| − |∞

| − |p
Q F

F v Q ⊆ F
Q w | − |∞ | − |p

w F
w F

w w v

w F v
[F : Q]

w F

v . . . v′

\ | /

w

(tree)
[NSW], Theorem 12.2.5

F
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F = Q(
√−1) Q

w F

v v′

\ /

w

v

|
w

w = | − |p

p ≡ 1 (mod 4)

F i =
√−1 f(T ) = T 2+1

p
p = 5 f(T ) = T 2 + 1 ±2

F

. . . .v’’’
v’’

v’ . . . .

. . . .2

p

3
5

117
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§1.3.

§1.3

F ⊆ K ⊆ Q

F K K
F

[K : F ]
def
= [K : Q]/[F : Q]

§1.1 Q

F
K F
K F

K F
K F

Gal(K/F )

Gal(K/F ) σ
K K

σ : K → K

F ⊆ K x ∈ F σ(x) = x
Gal(K/F ) � σ : K → K

K F

Gal(K/F )

[K : F ]

Gal(K/F )
G

G×G → G

(g, h) 	→ g · h
e ∈ G g · e = e · g = g, ∀g ∈ G

∀g ∈ G, g · h = h · g = e h ∈ G Gal(K/F )
σ, τ ∈ Gal(K/F )

σ · τ : K
τ−→ K

σ−→ K

Q(
√−1) = Q(i)

σ : Q(i) → Q(i)

i 	→ −i



7

Gal(Q(i)/Q) = {id, σ}

id K
def
= Q( 3

√
2,
√−3) = Q( 3

√
2, ω); F

def
= Q(ω)

K F

σ : K → K τ : K → K

3
√
2 	→ 3

√
2 3

√
2 	→ ω · 3

√
2

ω 	→ ω2 ω 	→ ω

Gal(K/Q) = {id, σ, τ, τ · σ, τ2, τ2 · σ}
Gal(K/F ) = {id, τ, τ2}

id
Gal(K/F ) Gal(Q/F )
Gal(Q/F ) σ

Q Q

σ : Q → Q

F ⊆ Q

Gal(Q/F )
Gal(Q/F ) � σ : Q → Q K

Gal(Q/F ) � Gal(K/F )

�
Gal(K/F ) Gal(Q/F ) (quotient)

Gal(Q/F )
F K Gal(Q/F )

=

Gal(Q/F ) = lim←−
K

Gal(K/F )

K F

Gal(K/F ) GF
def
= Gal(Q/F ) F

GF F

GF F
GF

K
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Neukirch-
[NSW], Theorem 12.2.1

F GF

§2.

§2.1.

§2.1

S

s1, s2, . . . , sn, . . . ∈ S

t1, t2, . . . , tn, . . . ∈ S

lim
n→∞ tn = t

t t ∈ S
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(orientable)

∈ N

0
g ≥ 1

g−1

0

1
g g

0 , 1, 2
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§2.2.

S S s ∈ S
s (basepoint) S (fundamental group)

π1(S, s)

s (closed path)
(homotopy)

α, β

α ◦ β

β α
π1(S, s)

G G G G

σ : G
∼→ G

G (automorphism) G

Aut(G)

Aut(G)
G h ∈ G h (conjugation)

G � g 	→ h · g · h−1 ∈ G

Aut(G) γh ∈ Aut(G) γh
Aut(G) G

Inn(G) ⊆ Aut(G)

σ, τ ∈ Aut(G) σ = τ · γ
γ ∈ Inn(G) σ τ G (outer automorphism)

G

Out(G)

Out(G)

Inn(G) (kernel)

Aut(G) � Out(G)

S π1(S, s) s
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π1(S, s) s

π1(S)

π1(S) S
π1(S)

π1(S)
(system of generators)

α1, β1, α2, β2, . . . αg, βg

g S

α1 · β1 · α−1
1 · β−1

1 · α2 · β2 · α−1
2 · β−1

2 · . . . · αg · βg · α−1
g · β−1

g = 1

π1(S)

§2.3.

§2.2

§2.3

§1
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S
S

f : T → S

T S
S s ∈ S s U U ⊆ S

f |U : T |U → U

U

∐
U → U

U
T → S

Aut(T/S)

Aut(T/S) σ

σ : T → T

T f = f ◦ σ
§1.3

T f : T → S
U

∐
U Aut(T/S)

(transitive)
“U ′” “U ′′” U ′ U ′′

∐
U ⊇ U ′ ∼→ U ′′ ⊆

∐
U

σ ∈ Aut(T/S)
S

S̃ → S

T → S S̃ → S
S̃ → S

S̃ → T → S

T

Aut(S̃/S) � Aut(T/S)
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Aut(S̃/S) π1(S)

Aut(S̃/S)
∼→ π1(S)

π1(S) S α

α S̃ α̃ α̃
σ ∈ Aut(S̃/S) σ

α

σ 	→ α
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S̃ → S S g ≥ 1

π1(S) Aut(S̃/S)
§1.3

π̂1(S)
def
= lim←−

Qπ1

Qπ1

∼→ lim←−
QAut

QAut

Qπ1 π1(S) π1(S) � Qπ1 QAut Aut(S̃/S)
π1(S) � Qπ1 π̂1(S)

S Aut(S̃/S)

Aut(S̃/S) � QAut T

§3.

§3.1.

X n n (n-th
cohomology module)

Hn(X)

(module)
Hn(X) X

m

Sm = { (x1, x2, . . . , xm+1) ∈ Rm+1 | x2
1 + x2

2 + . . .+ x2
m+1 = 1 } ⊆ Rm+1

Hn(Sm) = Z ∀ n ∈ {0,m}
Hn(Sm) = {0} ∀ n �∈ {0,m}

n X n

X d

Hd(X) �= {0}; Hn(X) = {0} ∀ n > d

d
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§2 g S
g = 0 S 2

2
g ≥ 1 S §2.1

1 2
n ≥ 3 n

g ≥ 0

g 2

§3.2.

§3.1 X
X

X π1(X)
n (n-th group cohomology

module) Hn(π1(X)) X

Hn(π1(X))
∼→ Hn(X)

X X

X π1(X)

n Hn(X) n

1 H1(G) G

2 H2(G)

§2

g≥1 S

S S π1(S)

§2.2 S π1(S)

H1(π1(S))
∼→ H1(S)
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§2.2 π1(S)

α1, β1, α2, β2, . . . αg, βg

H1(S)
§2.2

α1 · β1 · α−1
1 · β−1

1 · α2 · β2 · α−1
2 · β−1

2 · . . . · αg · βg · α−1
g · β−1

g = 1

H2(π1(S))
∼→ H2(S) ∼= Z

⋃
: Hn(−) × Hm(−) → Hn+m(−)

n m

S α1 β1

1 α1

β1

α1

⋃
β1 ∈ H2(S) ∼= H2(π1(S))

H2(−)
α1

⋃
β1 α1 β1

1
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§3.3.

§3.2 §2.3
§1.3

g ≥ 1 2
[NSW], Proposition 8.3.17 i =

√−1
2

F

GF 2

g ≥ 1
g ≥ 1 §2.2

g ≥ 1
§3.1 1 2

(Kummer extension)

F p f ∈ F F p

K = F ( p
√
f) ⊆ Q

F 1 p

ω
def
= e2πi/p ∈ Q ⊆ C

F

L = F (ω) ⊆ Q

F (cyclotomic extension)

M = F (ω, p
√
f) ⊆ Q

F §1.3 ‘K/Q’
p = 3, f = 2, F = Q

p f ∈ F Gal(L/F )
n n ≥ 1 p− 1

F p p
[L : F ] p− 1
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Gal(L/F ) K id
Gal(M/F ) [L : F ]

σ ∈ Gal(M/F )

f
Gal(M/L) p

τ ∈ Gal(M/L) (⊆ Gal(M/F ))

[L : F ] = p − 1 n ∈
{1, . . . , p− 1} p

(Z/pZ)× def
= (Z/pZ) \ {0}

σ n
Gal(M/F )

σ, τ

σp−1 = τp = id, σ · τ · σ−1 = τn

p(p − 1) Gal(M/F ) GF

σ τ H1(−)

σ τ
H2(−)

1

ωj
ωk

ω i ω

λf
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g≥1 §3.2
σ, τ αi, βi

σ τ
αi, βi

1 f λ

§4.

§4.1.

n ≥ 1
C n (n-dimensional projective space)

Pn
C

def
= { (x0, x1, . . . , xn) ∈ Cn+1 }/ ∼

‘∼’

(x0, x1, . . . , xn) ∼ (y0, y1, . . . , yn)

⇐⇒ 0 �= ∃λ ∈ C s.t. (x0, x1, . . . , xn) = (λ · y0, λ · y1, . . . , λ · yn)
(projective algebraic variety) X

n+1 (homogeneous polynomial)

{ fi(T0, T1, . . . , Tn) }i∈I

I
Pn
C

1 (algebraic
curve) C F ⊆ C

{fi}i∈I F
X F
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n = 2 P2
C

f(T0, T1, T2)

∂f

∂T0
,

∂f

∂T1
,

∂f

∂T2

f (0, 0, 0)

f(T0, T1, T2) = T d
0 + T d

1 − T d
2

d ≥ 1 Q

n

X ⊆ Pn
C

Pn
C

X

g≥0

g 2
X (hyperbolic algebraic curve)

X f d

g =
1

2
(d− 1)(d− 2)

X
d ≥ 4

§2.3

X X

X §2.3
‘π̂1(−)’ X

π̂1(X)
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X F
F F

⊆ Q F GF

Q

GF

π̂1(X)
GF (outer action)

ρX : GF → Out(π̂1(X))

(outer representation) GF

π̂1(X)

. .
 .

FG

外作用
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GF π̂1(X)

§4.2.
§4.1 ρX

ρX [HM], Theorem C

F X

ρX : GF → Out(π̂1(X))

[Mtm] [Mtm] [HM] Belyi
P1

§3.2 §3.3
g

1

§3.2 §3.3

[Mtm] M. Matsumoto, Galois representations on profinite braid groups on curves, J. Reine
Angew. Math. 474 (1996), pp. 169-219.

[NSW] J. Neukirch, A. Schmidt, K. Wingberg, Cohomology of number fields, Grundlehren der
Mathematischen Wissenschaften 323, Springer-Verlag (2000).

[HM] Y. Hoshi, S. Mochizuki, On the combinatorial anabelian geometry of nodally nonde-
generate outer representations, Hiroshima Math. J. 41 (2011), pp. 275-342.


